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Clviptor 1 

Many students who arc rGforrecl to the Mathematics DiagnoBtic 
and Instructional Clinic C^^i^IC;J at the Univorsitr of Pritish 
Columbia for remediation arc confidmt that tholr computatioml 
procedures arc correct. They aro confident oven though they are 
usually uiiable to obtain a correct answer. It is felt that 
Teniediatian may ba hampered by the fact that a student believes 
his computational proceduros are correct, \vhcn, in fact, he is 
unable to compute accurately. It nns decided that there is a 
nocd to study the relationahip between a student's algorithmic 
confidence in performing each of the four basic arithmetic cpera^ 
ticns md the student's achicvament. 

The District Superintendent for the Riclunond School Board, 
Mr. C. Ilolob, was contacted by letter (Appendix 1) asking per= 
mission to gather some achievement and algoritlnnic confidence 
data on students enrolled in Grades 5 through 8 in the Richmond 
schools. Hio proposed study was also described in this letter. 
In reply, the nistrict Superintendent expressed the willingness 
of the Richmond schools to participate in the project. A notice 
(Appendix II} was sent to all elementary principals and teachers 
of Grades 5, 6, ai,d 7 by Mr. Holob regarding the MEDIC project. 

Tlie testing project was carried out with all students c£ 
Grades 5, 6, 7, and 8 in the Richmond District. The following 
table gives the number of students according to grade level 
in the district. 



Ta"h> 1 



lOT-olmcnt in Gr.ulos B-^S DCvOniboi- 1974 
Grn.lo 5 o 7 8 Total 

Hnrolmenr I'ni 1B77 , 1566 1571 OlSb 
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Test booklets i:Ap]icndix TTT) wre prepHrrd accDrding to the 
following fomuit. Tlic First page was dGSi.gncd to coLloct prr- 
sonal data on cadi student- -iiaiuo , grade, division, school, age, 
date of liirth, ^cx'^ani xh^ir algorithmic couridciice. To aot;cr = 
.nine a student's algoritlunic confidence in addition, for cxaniplc., 
tlio student was asted the following question. How sure are you 
that your xvay r f AIiDINf i? -nrrcct^ ITic student had a choice of 
five replies and was asked to respond to one by putting aji X 
through oac of the letters a, h, c, d, or e. Tliese were theix 
chtiiccs : 

a. I'm positive that Tiry way is correct, 

b. I'm pretty sure that my way is correct. 

c. I don't know if ttt/ way is correct or not, 

d. I 'm pretty sure w way is wong. 

e. I'm positiVG m>' way is wrong, 

The sainc qMestions were asked for the other thi'ee arithnietic 
operations--subtTaction, multiplication and division. 

Tlie computational tost consisted of four sub-tests. That 
is, there was a test in each of the four basic aritlimotic opera- 
tions of whole numbers. Accompanying each tost was p. sheet 
containing the addition und multiplication tables (Appendix rV). 
These tables vcre made available in an effort to eliminate errors 
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in basic number fnuts so that the ctiipliasis would bo more directly 
placed on tl^e sluclunt's coiiiputat ional procedures. 'Iho test was 
so designed that it included different categories of question 
t>-pos in ench of the sub-tests. The items for each tost were 
selected according to a diagnosis foiin for intcnncdiato grades 
(Appendix V) . Ihc fonn or chcck=list is stnicturod in an heir- 
archinl order of difficulty. Tliat is, the check-list is arranged 
in order of luirdcr to easier coiiputations . hor instance, in 
the nddition of vdiolo numbers tlio order of difficulty is as 
fed Iok't; 

1. three-digit nuiiibcrs with rogrouping. 

2. tTO-digit numbers with regrouping 

3, single column with regrouping. 

4, single column with no rogrouping, 

Gonerally three test items were constructed coTrcsponding to 
each of the four levels of algorithmic difficulty. Other con- 
siderations were observed to maintain variety in the question 
types. For e:\'iim|ilc, in subtraccion the vertical and horizontal 
form were included. Different positions of zero in the minuend 
and subtrahend were used. The following table indicates the types 
of questions according to the check-list and their distribution 
on the sub- tests. 

Tabic n 

Distribution of Addition Items According to Type 
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The clicck-list- for subtraction is: 

1, two coiihccative O^s in the niinuend, 

2, one 0 in the minuancU 

3, with rogrouping, 

4, no regrouping. 

Table III 

Distribution of Subtraction Items A.;cording to Type 



Ttems 


a 


bed 


e f 


g h 3 3 1< 


1 


1 


/ 


/ 


/ 


/ 




2 








/ 




3 




/ 








4 








/ 


/ 



NJult iplication chock- list: 

1, Three-digit multiplier, 

2, two-digit multiplier* 

3. one -digit rmiltiplier; with regro iping, 

4. one "digit miiltiplicr with no regrouping. 

Table IV 

Distribution of hfultiplication Items According to T/pe 



CP 



Items 


a b 


c d 


efghijlcl 


1 


/ / 




/ 


2 




/ 


/ ✓ 


3 




/ 


/ v' 


4 






✓ / / 



Division check-list: 

1. Zero in tho quotient, 

2. Two-digit divisors without or with remainder, 

3. ftie -digit divisor with reinainder. 
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4. One-dig- 1 divisor with no romaitulor. 

Ttit)lc V 



Distriluition 


of Divisi 


(Ml rtcms Aci 


:oi\iin!; to Type 


Itonm 


[i 


b c 


d 0 


f p h 


1 




/ 




/ 


7 










3 


/ 


/ 






4 











Previoup to the Richmond project a pilot studv was con- 
ducted about the middle of Janimr)', 1975 at the University Hill 
Hlcnicutar>- School. Sixty students in grndcs 5 and 6 were 
involved. Hie reason for the pilot study was to obtain an 
estimate of the time required for each test and to find out if 
there were any prohlems witli tlio test. The time required was 
approximately rorty minutes for 901 of the students. Following 
the pilot study, the tests were adininistercd to the students of 
Riclunond District the first week in Febn.ary, 197S. 

Classroom teachers conducted the testing with their 
students. Teachers were previously instructed that the tests 
were to be administered according to the following procedures. 
Firstly, the students were to be shown how to use the addition 
and imiltiplication tables which were pTovided. Secondly, 
teachers were to exiilain the structure of the tests to the 
students. Tiiirdly, the students were to be told that there was 
no time limit on the tests. 

Following the testing about 5700 responses were collected 
of which 5440 were used. Table VI show the distribution of 
testing according to grade and sex. 
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Table W 



Grade 5 


6 


7 


8 


Total 


Boys 705 
Girls 655 


728 
746 


747 
664 


606 
589 


2786 
2654 


Total 1S60 


1474 


1411 


1195 


5440 



Two ha:^drccl sixty tosts ..ere discarded because some of the 
porsonal infonnation requested en each student-name, grade, 
ngc, date of" birth-was missm or else the student did not 
complete the assessment of his algorithmic confidence in com- 
putational procedures. 'Ino tosts were marked for accuracy by 
undergraduate students in Febi .ary and March. 1975. AH 
ntmierical data ^core collected and toy punched for computer 
analysis about mid April, 1975. m>ring June and July, 1975 
all student errors will be examined and coded according to a 
category system which had previously been developed. 

The data will bo analyzed for two different purposes: 
firstly, to examine the relationships between confidence and 
performance over operations, grades, sexes, ages, md confi= 
dence and perfornmce levels; secondly, to examine the relation^ 
Ships between different error types over operations, grades, 
sexes, ages, and confidence and performance levels. 

The objective of this paper is to discuss the first of these 
two purposes. 



10 



- / - 
Chriptcr 2 
RAriONALIi 

relative to tho various changes and activities taking place 
in the alcirientriry arithnietic curriculmi and certain areas of the 
instmctionLil progx^ajii, tlu? area of dia.gnosis and renu?diav:ion has 
been quite static. Early work in diagiiosis in arithnctic errors 
was mostly limited to dotemiining the kinds and frequency of 
errors in computational skills. Later, concerns were slanted to 
growth in ineaningB nnd imderstnndings basic to the coiTiputational 
process . 

More recent concciTis in diagnosis are the conijilex relation- 
sliip between grov/th in aritliTnetic development nnd afrcctive fac- 
tors such as anxioty, motivation^ and attitude. Ramon Ross 
(1964) reporting on the twenty case studies carried out with 
sixth and soventh grade students revealed a great deal of dis- 
parity between actual achievement and expected achievement in 
elementary school niathematics. He suggested that sl:^ty- three 
percent of the causes of under achievement identified by class- 
room teachers were of an emotional nature, involving lack of 
Interest , home or school maladjustment, short attention span, or 
limited initiative. It would appear from this study that 
arithmetic undcrachicvement is a complex and multiple- factored 
disability* 

John W. Wilson (1967) also expressed a similar concern in 
diagnosing the cause of iniderachievement in elementary school 
mathematics when he states, 
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It has bcconie increasingly apparent in our work 
with individual children ... that iindcrachiovoment. . . 
In mnthcinatic.H. . ,is fa- from being ot one kind... 
Of several cliiJdrcn vvith the same degree of general 
undcTachi.cvcmcnt in mathcmtics, each has unique 
symptcimatic pattenis of that underachicvement . 

The fact that Wilson TCCoaTiised that each student has 
"unique s>nrptoniatic patterns of mderachieveincrit" suggests the 
coniplcxit)' of the nature of ujidoTachicveniont as well as the 
coinplexity of diagnosing the cause and the method of remediation. 
In other words, Wilson and Ross underline the complexity of both 
diagnosing the cause of a student's difficulty in mathematical 
cpcrations as well as the difficjLty in correctiiig or rcmc= 
diating the problem. T\w question to bo answered is how can you 
succossfully prescribe treatment or remediation mthout knowing 
the root of the difficulty? The root of the difficulty tlmt came 
to the attention of the Matheniat ics Education Diagnostic and 
Instnictional Centre CNEDICl at the University of British Colmnbia 
was the fact that some students vho were refeTred for remedial 
holp and who were unsuccessful in their daily cDniputat''ons had 
high confidence that their coniputat ional procedures were correct. 

The question to be argued in this papex is- -how does a 
student's confidence in his computational pTocedures affect the 
subsequent success of reniediatlon? An extensive search o£ the 
literature has failed to produce an answer to this question. 

To date , in the remediation process , tlie remediator has 
tried to build confidence in the student but maybe the remedia- 
tor is taking the ^-a-ong approach. It may be that it is necessary 
to extinguish a student's computational confldeiice in his 
incorrect algorlthni, before the actual reinediation takes place. 
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Conmon expectations are held that low aclilivers have lov; con- 
fidence which needs to be iJiiproved. On the contTarr, It could be 
that \m 3.chievexs liave IiigJi confidence vhich has to be extin= 
guished before effective reTOdiation can occur . As already man- 
tioned it has been TOticed that smoi^g low achievers referred to 
MEDIC, thare ds s amber of students who are confident that they 
know how CO pcrfcnn the arithnetic algorithms. But the interesting 
question is, ivhy do- lew acl%ie^ers eacpress algorithmic confidence 
in their comptitational pTocedtirss wlen they constantly get most 
of their exorcises wrong? Do«s a student's expression o£ con- 
fidence in ht-s wrk stem froni a TOtwally confident personality? 
It may be th© result of positive values taught in the home. These 
positive values my give rise tc? a confident, positive outlook on 
the TOTious activities of life. That Is, from an early age, 
these values, once instilled, ni^y be reflected in a student's 
personality by £eelii%gs of confidence in whatever he does. 
Woodruff (1962) seems to suggesC this when he says, 

Ovrer -che years we graduaJly develop well established 
feelings about tningsj and these feelings, based on 
their values, show up in theJ way we react toward 
things. The feelings becon© Ins epambly interwoven 
with -the mental picture. 

But this argunent does not hold Because remediators are aware 
from wording with the low achiever that he is not confident in 
all of his daily activities, m does he have algorithmic 
confidence tJienl 

Is It hficause the low achieve^ thinks he imderstands the 
concept when it is t«u^t hy th« teacher but in reality he does 
not? Brownell (19443. in addmflsijig lack of mderstanding in 
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students says, 

. . .most erxoTS in mathematics are the Tesult rot of 
in^erfectly iearned symbols, but of incoinplete 
understandmgs . 

Evidence of lack of laiderstanding by the low achlevsT is apparent 
in the tests. For example , in using the subtraction algorithni, 
it was apparent that one studeiit's understaiiding of the subtTac- 
tion operation meant to literally tate away or remove the sub- 
trahend from the minuend. This is m eKaniple of his work: 
7749 

. 7540 670 - 97 * 670 

The student vas consistent throughout the subtTaction test in 
literally reTTOving the subtrahend, Mother exaniple of lack of 
understanding by the low achiever is evident in this division 
exercise. 

1001 R.2 
SvWS 
5 S 
2 

It would seem that the student worked from right to left. 
5*5 = 1- 045 = 0;Ot5 = O;7*5'^1 and a remainder of 2. 
TTiis particular ".tudsnt did all of his dlvisioji exercises from 
Tight to left . He expressed a high confidence level of (S) . 
Probably he was confident he laiew How to use the division algorithm 
because he used the other three arithmetic operations- -addition , 
subtraction, and multiplication by beginning the operation at 
the right. It worked for these operations and lack of imder- 
standing led him to beleive it would also work for the division 
algorltlim. 

However, the student would still get his exercises marked 
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vrong. Why is he still oorfida.t that his co^putatioml proce- 
dures are right? Maybo he Is using a defense i,«chmls». That is, 
he my be protecttag hi5 pride and soothing his ego by not 
admitting to hi^elf that h. camot do his computations. Usit,g 
a defense Bocha:.is» is an attempt by the individual to defend 
himself against fe.li.gs of inferiority occasioned hy his failure 
to do his arithmetic c«>«atlons. By not admitting to himself 
that he is incapable o£ dcirg arithnietic computations he mini- 

Hn^pp- 1970T This might be the 
mizes Ms failure to himsf!lf. (Loree. ly/uj - 

reason a low achiever indicated algorithmic confidence when his 

conputational procedures are incorrect. 

mz this paper ar^as that the main reason for algorithmic 

confidence steins from randoin reinforceinent. 

Skinner, has heen responsible for the concept of reln= 

forcar^ent, noted that sone responses occur mtho.t any particular 
stlmxlus at all. TTaese chitted responses he calls operants, 
psychologists before recognized spontaneous or random 

responses, but they ball.v.d that such responses ware caused by 
,o,ne wtoom or ^identifiable stimulus. Skinner believes that 
operants simply occur that the stimulus conditions are 
irrelevant to the use and mderstanding of operant behavior. 
Fcr Skinner, the fact tha^ the operant be reinforced is Ir^ortant. 
He belie.es that if the operant is reinforced the probability of 
that operant occuring again is Increased, What is really i^or= 
tant for Skinner is the reinforcernent the .object gets after the 
operc^t or response is inade. TT^is reaction shapes the chances 
of tlie studont giving ttis operant respcmse again or of his 
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giving a similar responsa in the $me class of responses, 

RGSponseSp then, are the most iir^ortmt aspect of operant 
leaTning, and the my they are reinforced determiTies most of the 
qualities of thrt learning* One of tte iirst discoveries that 
SkiimeT made ^ms that operants caii be shaped without rewaTding or 
reinforcing every response. He realized that it is not necessary 
to reinforce after every desired Tesponse hut only intennlttently 
during the course of several such responses* Tlus rePlization 
led Skinner to study two basic pattenis of reinforceni-^nt, In 
the first, Interval reinforcement, a reward is given an a flxert 
interval of time--sayj every three ini^utes. In the second, ratio 
reinforcement J a reward is given after a fixed ratio of respoiises-- 
say, after every ten or fifteen responses have occurred. Oddly 
enough, Skinnor fc.md that the less fTequent the reinforceinent on 
a ratio schedule, the more rapid the response. That is, the 
aniiTial behaved as if he knew that the faster he responded the 
faster he TOUld be reinforced. 

Both fixed interval and fixed ratio reinforcement schedules 
are characterised by a pause in resronse just after reinfcrceitient. 
Animals seem to toiow that the responses made Just after a reinforce- 
ment will never result in mother liJiDnediate reinforcement* These 
pauses do not occur if the reinforcement schedule Is made random. 
If the tim interval size is varied at raidom, there is always a 
chance that the next response after reinfoTcement could result 
in mother reinforcement, and the aninial does not pause. 

Is this strange animal hehavlor reflected in hmm behavior? 
It certainly is. Consider for a niOTient a Los Vegas slot machine 
jllayeT who gets m occasional or randoin payoff. He plays 
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vigorously because he does not knov at what moment the next payoff 
will come. But he teeps playing because h« is confident that 
the payoff will come. 

What does a L&s Vegas slot machine player' s confidence have 
to do with a student's algoTlthmlc confidence? The studeiit's 
algOTithmic confidence is relnfoTced the same way that the slot 
machine player's confidence is reinforced. That is by raiidoin 
reinforcement, which accoTding to SklnneT is ihe best reinforce- 
ment and the hardest to extinguish. The Richmond Study shows that 
students using an incorrect arithmetic algorithm can get some 
exercises correct. TTie algorttlm may not work for many exercises 
but every now and then it will produce a correct answer. Therefore, 
the student gets random reinforcement which mades him feel 
confident that the algorithm he is using is correct . The 
following examples will show that an incorrect algorithm will 
work in some cases but not in others. In the example: 

299 
20017 
■ 28 9 

the student begins renaniing by crossing out the 3 and writing 2. 
Crosses out the 0 and writes 9. Crosses out the next 0 to the 
right and writes 9 . He finishes renaming by putting a 1 in ftont 
of the 7. This is correct. His algorithm works for this exercise 
but using the same algoTlthm in the fallowing exaiiple it does not. 

1299 

- 857 

The student begins his renaming by stroking out the 2 at the 
left, then the 3 and writing 2 above It. 0 is crossed out with 
9 written above md also the last 0 on the right is crossed out 
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With a 9 mitten above it. This is incorrect. The student's 
algoritta does not ..ork if a 0 comes at the end of tha mmcnd, 
Ho^^ever, using this algorithm the student will sometimas get 
some of his exercises correct. 

in multiplication, a student doing the following axarcise gets a 
correct answer using the^ multiplication algorithm as he knows it. 



9056 
X 3 
27168 



but when asked to find the product of 



9056 
X 23 



1811227168 

his answer is incorrect. But the algorithm ha is using does 
work foT some of his exercises. 

using an incorrect algorithm, the low achiever may occasion- 
ally get m exercise correct. XMs gives the student random 
reinforcement. According to Skira^er, he is getting the test 
reinforcement to keep him at work. He does not question whether 
or not his computational procedures are correct. Why should they 
be wrong when every once in awhile he gets a correct answer? 
This keeps him confident that his computational procedwes are 
correct. What does this mean to thf remediator? It means that 
before a remediator can help a student correct his con^utational 
procedures that the student's algorittaic confidence must first 
be extinguished. 
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Chapter 3 

^ffiTHOP AND RESULTS 

For the Richmond Study, a low achiever in a given operation 

and grade is dsfined as one whose score is more than one standard 
deviation below the mean. Perforrnance distribution for each 
grade and operation are far from nomal distributions. In fact, 
they are highly ske^^ed positively. But it is felt this comnonly 
accepted approach is more realistic than either choosing a lower 
fixed percentage of the-populatioii or a lower performance level 

of the population. 

Pupil scores, in subtraction and multiplication, ranged 
from 0 to 12. In division, the range is from 0 to ^ but in 
addition scores ranged from 1 to 12. The scores of 0 in 
addition were elhiunated bs-ause the addition test appeared on ■ 
the baclc of the subtraction test. It was assumed that all 
students who scored 0 on the addition test did not attenq?t the 
test* 

The tables that follow show the upper-limit for low achievers 
which was calculated for each operation and at each grade level. 

Table I 



Grade 5: Upper Limit for Low Achievers 


Operations : 


+ 




X 




Mean 


11.0375 


10.0162 


9.08S3 


4.0949 


Standard 
Deviation 

Upper- limit 


1,7137 


2.4662 


2.8721 


2.7411 


9,3238 


7,5500 


6.2132 


1.3538 



19 



- 16 - 



Table II 

Grade 6: Upper-Limit for Low Achievers 



Operatioiis 




+ 




X 


f 


Nean 


11 


.2205 


10.4579 


10.0468 


5.2682 


S.D. 


1 


.5916 


2.0370 


2.1749 


2.4523 


Upper -limit 


; 9 


.6289 


8.4209 


7.8719 


2.8259 



Table III 



Grade 7: Upper -Limit for Low Achievers 



Ope Tat ions 



Mean 



S.D. 



Table IV 



Grade 8: Upper-Limit for Low Achievers 



Operations 



Mean 



11 . 3196 10.6641 10.5103 5.8944 



1.6323 1.8817 1.8855 2.2706 



er-llmit 9.6873 8.7824 8.6248 3.6238 



11.4050 in.R^26 10.7272 6.0410 



1.4412 1.6005 1.6188 2.0630 

Upper- limt 9.9638 9.2321 9.1084 3^ 

Tlie actual scores used to categorize the low achiever for 
each operation and at each grade level is shown in the follomng 
table. 

Table V 

Ilpper-Limit Used to Detennlne the Low Achiever 
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Using these scores as an upper-limit for the low achiever, 
the next concern was to find the algorithmic confidence by 
operation and grade level. TTie following tables give the confl 
dence values from low to high by the numbers 1, 2, 3, 4, and 5. 
Listed under the confidence values are the corresponding fre- 
quency of errors. 

Table VI 
Addition-Grades 5-8 



^^^'^•^on £ idence 
Ft e quence^^;,^^^^^^ 


1 


2 


s 


4 


5 






5 


2 


0 


24 


51 


35 




m 


6 


1 


1 


5 


26 


41 




0) 

m 


7 


0 


1 


3 


dl 








8 


1 


U 


3 


15 


13 


Total 






4 


2 


35 


113 


113 








Table VII 














Subtraction-Grades S-8 






----- — 


Frequency 


lonfidence 


1 


2 


3 


4 


5 






5 


4 


6 


58 


80 


26 




in 


£ 


3 


2 


49 


112 


41 




7 


0 


4 


15 


101 


50 






8 


2 


2 


13 


86 


80 


Total 






• 

9 


14 


135 


379 


197 








Table VIII 












Multiplication-Grades 5-8 






Frequency 


idence 


1 


2 


3 


4 


5 






5 


11 


19 


78 


97 


31 




in 


6 


3 


8 


39 


74 


32 






7 


1 


4 


25 


77 


47 




u 


8 


0 




33 


92 


63 








IS 


33 


174 


340 


173 
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Table IX 
Dlvisioii-GTades 5-8 



Frequenc) 



confidence 





5 


44 


47 


138 


85 


20 




6 


23 


26 


96 


84 


21 


1 


7 


12 


17 


68 


113 


28 


a 


8 


8 


15 


51 


69 


20 


Total 




87 


105 


353 


351 


89 



nils study regards the low achiever with high algorithmic 
confidence to be the nuji^er of students in columns 4 and 5. 
FoUovdng is a table showing the nuntoex of students in this 
category . 

Table X 

Number of Low Achiever s with High Algoritbmic Confidence 

Subtraction Multipli cation Division 
— rT057rT~= iHtel 4 5 11 



Operation: Addition 



:al 



Table X confiims that there is a substantial number of low 
achievers in Grades i to i vAio have high algorithmic confidence. 
The sub^totals for confidence levels 4 and 5 show the nunher 
of students who expTessed algorlttaiic confidence in each of the 
arithmetic operations -addition, subtraction, multiplication, 

22 



5 51 35 86 


80 2u 106 


97 31 128 


85 20 105 


425 


J 6 26 41 67 


112 41 153 


74 32 106 


84 21 105 


431 


M 7 21 24 45_ 


101 50 151 


77 47 124 


113 23 141 


461 


8 15 13 28 


86 80 166 


92 63 155 


69 20 89 


438 


Sub -Total 226 


576 


513 


440 


1755 
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and division. However, it nrust be noted that in the total nm- 
ber of algoTithinic confidences expressed that there is an over- 
lap. The nimber 1755 does not represent the total number of 
individual students expressing high algorithmic confidence. One 
low achiever might indicate a high confidence level in all four 
basic operations, Therefore, the total nunber of low achievers 
with high algorithmic confidence Indicated in the table would 
appear to be four rather than one. Nevertheless, the evidence is 
clear that for each arithmetic operation there is a substantial 
number of low achievers who express high algorithmic confidence 

in each operation. 

For purposes of comparison Table XI shows the number of low 
achievers with low algorithmic confidence. 

Table XI 



Number of Low Achievers with Low Algorithmic Confidence 



Operation: 


Addition 


Su 


btr£ 


ictic 


m Multiplication 


Division 




Confidence 


1 


2 


1 


jtel 


1 


2 




■al 1 


2 


mil 


1 2 SBfel 


Total 


5 


2 


0 




2 


4 


6 


10 


11 


19 


50 


44 47 


91 


133 


6 


1 


1 




2 


3 


2 


5 


3 


8 


11 


23 26 


49 


67 


7 


0 


1 




1 


0 


4 


4 


1 


4 


5 


12 17 


29 


39 


8 


1 


0 




1 


2 


2 


4 


0 


2 


2 


8 15 


23 


30 


Sub -total 








6 






23 






48 




192 


269 



By comparing Table XI with Table X, It is quite evident 
that low achievers with high algorithmic confidence certainly 
outnumber low achievers with low algorithmic confidence. Also 
in Table XI, the number 269 does not represent the total number 
of individual students expressing low algorithmic confidence. As 
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explained for Table X, one low achiever might indicate a low 
confidence level for all four basic operations. The table, then, 
v^rould show a total of four instead of one. This, however, is 
true for both tables. 

The results of this study are conclusive. As suspected, 
there are a nuinber of students who have algorithmic confidence, 
yet their computational procedures are incorrect. Table X shows 
that out of 5440 students from Grades 5 to 8 in the Richmond 
District 17SS low achievers express high algorithmic confidence 
in their computational procedures. 
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Chapter IV 

Conclusion and Implications for Further Study 

This paper began by describing why It was felt necessary 
to do this study. It was Tecognized by remedlators that some 
low achievers had high algorithmic confidence even though their 
conputational procedures were incorrect. Permission was given 
by the Richmond School Board to conduct the study in that area 
with all students of Grades 5 to 8 . A total of S440 responses to 
algorithmic confidence questions and test Items were used. 

The purpose of this stidy was to establish the existence 
o£ a population of low and high confidence students with low and 
high algorithmic confidence in their computational procedures. 
The results indicated, as suspected, that there is such a 
population and, in fact, low achievers with high algorithmic 
confidence are In the majority. It is also established, as 
expected, that there is a different distribution of confidence 
for each grade level as well as each confidence level, This 
could suggest that any study done along similar lines of this 
study could be losing infornation if It is assumed that student 
characteristics are uniform across grades or operations. 

For this study the low achiever is identified as one whose 
score is more than one standard deviation below the mean. Tables 
show how the upper- limit for low achievers was calculated for 
each operation and at each grade level. It is argued in this 
paper that the low achiever has high algorithmic confidence in 
his conputational procedures, because of random reinforcement. 
The student gets random reinforcement when once in awhile an 
incorrect algorithm gives a correct answer. He, therefore, 

25 
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assumes that the alorithm he is using Is cotrect. Skinner, ia 
his reseaTch work found that random reinforcement Is the best 
relnfoTcement to keep a subject vigorously at v/ork. 

Tables are supplied to indicate that a population of lox^ 
achievers with high algoritTroic confidence does exist in grade 
levels S to 8. Many inplications for Temediators are raised as 
a result of this study. When the entire study is coinpleted, 
teachers, remediators , textbook writers, and computer 
programers should have an entirely new challenge in diagnosing 
and remediating the low achiever. 

The results of this study v/ill have in^ortant implications 
to classroom teachers and reniediators. Teachers and remediators 
will be more aware that low achlBvers have high algorithmic con^ 
fidence in their computational procedures. It is important that 
teachers have a systematic method to diagnose and code student' s 
errors. It is evident from this study that a student's algori- 
tlmiic confidence does have to be extinguished before remediation 

can take place. 

Por textbook writers, a change in format and design to meet 
the needs of low achievers In this category is necessary. The 
need to be more specific in the vrt-iting of behavioral objectives 
in lesson preparation will help to eliminate learning gaps for 
these students. Prograimed learning, mth its step-by=step 
approach should also assist the low achiever to acquire the 
correct algorithmic procedure. 

The writing of a diagnostic cmiputeT program on the basis 
of all the incorrect answers and subsequent coding of errors for 

26 



each question is another means to help correct this problem. A 
conrputer program, whereby given the data of the survey, the pro- 
gram can take each question and l^st all the incorrect answers 
and corresponding codes. The program could be implemented in 
such a way that it can diagnose all the errors students perform. 
A con^uter remediation program can then be written to do the 
remediation. 

These are but a few of the many implications for educators 
that result from this study. 
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Appendix I 



January 3? 3975 



DlDtrict Supsrlatoadcnt of Sehoola 
Rlolraoud Sahool District: NOs 3B 
689 Ko. 3 rood 

Penr Jir, Solob: 

I tncltltis EQ oa^k your paraissioa to sather ooma data ©a stadinto er*rolled 
in Gradoo 5 fchrcush S in the Elai^ond s^Uools* SpeclSioally, 1 aa^wd a;»^rw;:i- 
B!ataly cna hQur of class ti^a, prsferably divided Iwito two half h&y:: -iyicda 
on DUQCEUsaive days in waieh t© gather some data oi^ th^ awitlastle ski;.!^ g£ 
thosa Gcudanta* 

]>arlns thcco parlodc tha atudaata trill ba a^Uad to golva nddltion^ ^^'i- 
tractiont iraltlpliaatioai and division fii^mples wttft ^^Uole nurnbars. In i^Cdi- 
tion» thoy will aslud to eKprojis thQ dcaraa o£ aonfidenae thay have ia 
thDlr ability t;o par f era these operational 

BiQ data obtaiaod will ba uaaful to ma in gaveral ways* As dlroctor of ^.q 
Hathosatics Educatioii Clinic at UKG, I neoJ data on tho typaa and friBc^ucuay 
of studant errors in arithmetia aklllo. la particular , va liava qo^q cviclaaa^ 
which ipdlcatCG that studisata Xfrhs arc uiiabla to coinputa aorraotly still c:.pr-^a 
a ralativaly hish dosroa of coufidoaaa in their ability to compute. If thii; 
proves to be the cas© in a larea scala studys it yill have important ronifi- 
cations for remedial work. 

for your inforo^tion I have enclosed a prelimnary cop/ of each of tUa teato 
1 Intend to uoe. The final version will be printed and will aak for addition- 
ai inforj^tioa from the etudent such as agm aud grade level* 

If yoa are agrQeable to this proposal, I wuld^ appreciate receiviag tUm 
following Infoinuatloni 

1) a list of the namaa of your aahoolo whera there are 
grada S» 6» 7 or S clasaee together with thm enroll- 
ment in these classes; 



• 9 ■ » • /3 
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Mr. C. Eolob 



Jaauary 3| 1975 
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2) dates when tha ceatlrig laiSi^t bc-t dona? <?or ny 
purposaa lata January or early Wob^xmty \^:^uld ba 
laoot sultabla^) 

3) tho name of a contact pCTaon in yov:s diDtrict to 
act as liaison bctwean your discrloC <md mo. 



Thank you for considarina my requQot* 



Sincerely p 



David Robitallio 
^iathoMtico Eduaation 

m/ia 

a*c. Mr. Campball 
Encl. 
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Appe ndix 11 

BOARD OF SCHOOL TRUSTEES 
SCHOOL DISTRICT NO. 38 (RICHMOND) 
689 NO. 3 ROAD. RICHMOND, B.C. 
TELEPHONE 278-9521 



FROM rC^rJialm,...M^^^^ 

of SchoolB. 



'EE: U.B.C. SUnVEy OF MAT?! SKILLS 



Pcinnission has hem. granted to Jr, David Eobitailt^ to gathei'' 
data en Riclunond BtudejitB mwoltsd in GradQ^^ S tl^ough S. 
Spaaifiaailyj Dr. Rabitaille sp.eks data on -tihB'tupes and 
frBqucnay of siudmit errors in (^itJm&tia Bkills, 

Testing material w:d teacher instruations^ vn cufficieyvt 
nunber for all studGnts in Gi^ades 6 and 7 wilt be deliiwred 
to schools on January 30/31, Th& teat^ requirinc? appro^iniat^UJ 
40 minutca akould be giVGH eai^ly in tha weak of Fabrnary 3 vi^k 
rGturns to tJiG officG of the Elemmtary Si^crvisor on or befprG 
Friday^ February ?^ 297S. 

Tha data gathered from this testing progrci/ma will assist 
Dr, Robitaille and his staff to inrpi^ove thoir remediation wox^k 
at the University 's Math Clinio, Thank^you^ on their behalf^ 
for your assistance with this sia^vey^ 




Holobj 

Diutrict SupGrintmdmt of Sahools* 



CHitb 
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Appen dix III 

GRADE I DIVISION i 



DATE O F BIRTH ; . 

— — — = (circle one) 



For vach quostlan, put an K through one of tha Utters a, b, c, d, or a. 



1. How .ure arc ynu that your wny of ADDING is correct 

(a) I'm positive that my way Is correct. 

(b) I'm prt'tty sure that my way is coricct. 
(r) 1 don't know if my woy is correct or ncU. 
(rri I'm pretty sure my way is wrong. 

(e) I'm positive my way is wrong. 

2. now .ure are ynu that your way of SUBTRACTING is correct? 

(a) I'm positive that my way it. correct. 

(b) I'm pretty sur« that my way is correct. 

(c) I don't know if my way is correct or not, 

(d) I'm pretty sure that my way is wrong, 
(c) I'm positive that my way is wrong. 

3. HOW sur. are ynu that your way of MULTIPLYING is correct? 
(a) I'r,\ poRitivfl that my way is correct. 

(h) I'm pretty sure that my way is correct. 

(c) I don't knuv if my way is correct or not. 

(d) I'm pretty sure that my way is wrong. 

(e) I'm rosttlve that my way is wrong. 

A. HOW sur. are you that your way of DIVIDING is correct? 

(a) I'm positive that my way is correct. 

(b) I'm pretty sure that my way is cnrrect. 

(c) I don't know if my way is correct or not. 

(d) I'm pretty sure that my way Is wrong. 

(e) I'm positive that my way is wrong. 
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SUBTRACTION 



{Show all your 

work in the 
opace provided.) 



a. 



2 3 0 0 7 
9 7 3 9 




4 8 2 
-13 7 



d. 

4 0 0 3 
- 2 1 7 7 



c. 

670 - 97 = 



1 . 

110 3 
-10 7 9 



£. 

6 0 0 4 
- 1 7 0 5 



7 0 4 4 
- 2 1 2 9 



h. 
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5400 - 2138 
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•k. 

5216 - 477 



5 0 4 7 
2 0 3 6 



1714 - 311 
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ADDITXON 



(Show all your 
woj/k in the 
space provided. ) 




e. 



6 
1 

+ 0 



1. 

2 4 0 
8 8 6 

3 5 9 
+ 794 
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b, 



+ 7 + I + ?. 



f . 

307 + 48 + 596 + 6 



2 
1 
2 

0 

1 
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7 54 
+ 567 



3 7 

4 5 
+ 90 




d. 



1 2 
3 1 
9 1 
+ 74 



5 + 7 + 0 + 4 



1. 

73+59+7 
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MULTIPLICATION 



(Show all your 
work in the 

space provided.) 



5 4 1 
X 4 0 9 



b. 



2 0 7 1 

X 3 6 8 



c. 



6 2 
X 4 



5 8 9 
X 7 



4 0 8 
X 9 



6 7 
K 6 0 
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2 2 1 

X 4 
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2 7 
X 1 0 4 



k. 



12 0 3 
X 3 



4 0 3 

X 5 9 



2 3 0 
X 2 



1. 



3 13 
X 7 1 
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DIVISION 



(Show all you 
work in the 
SDace pr ovicl 



b. 



6/4 2 9 



4/i"7"6 1 



2 7 /I 2 4 2 



5/7 0 0 5 



c , 



5 3/32 184 



2 8 /2 5 3 9 6 



d, 



4 7 / '2 ' 6 G 2 



h. 



9/4 5 6 3 
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ADDITION TABLE 
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2 . 


3 


4 


5 


6 


7 


8 


!) 


2 


4 


) 




6 


7 


8 


9 


10 


11 


3 


5 


6 


7 


8 


9 


10 


11 


12 


4 


6 


7 


8 


9 


10 


11 


12 


13 


5 


7 


8 


9 


10 i 

: 


11 


12 


13 


14 


6 


8 


9 


10 


11 

- ^ 


12 


13 


14 


15 


7 


9 


10 


11 


1 

12 1 


13 


14 


15 


IG 


8 


10 


11 


12 


13 


14 


15 


16 


17 


9 


11 


12 


13 


14 


15 


16 


17 


18 






























MULTIPLICATION TABLE 








X 


2 




3 


4 


5 


6 




7 


8 


9 


2 


4 


6 


8 


10 


12 


14 


16 


18 


3 


6 


9 


12 


15 


18 




1 


24 


27 


4 


8 


12 


\ " 

i 


20 

i 


24 


28 


32 


36 


5 


10 


15 


i 

20 


25 


30 


35 


40 


45 


6 


12 


18 


i 

24 


30 


36 


42 


48 


54 


7 


14 


21 


1 

! 28 

t 


35 


42 


49 


56 


63 


8 


16 


24 


32 


40 


48 


56 


64 


72 


9 


18 


27 


36 


45 


54 


63. 


72 


81 
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Ap pendix V 
The University of British Columbia 

MATHr ^^IATIGS EDUCATION DIAGNOSTIC CENTER 
DIAGNOSIS FORM FOR INTERMEDIATE GRADES 



Algo rithms for Natur al Numbers 
Addition 



Three-=digit nos. 
with regrouping. 

Two-digit nDs* 
with regrouping. 

Single column 
with regrouping. 

Single column 
with no regTouping. 

Basic facta. 



Subtraction 



Two consecutive 
O's in the minuend, 



One 0 In the minuend | 
With regrouping. | 
No regrouping. | 
Basic facts. 



Multiplication 



Three-digit 
TTultiplier; 
incl * zero , 



Division 



Two -digit 
multiplier. 

One-digit 
multiplcr^ with 
regrouping* 

One^digit 
multiplier^ no 
regrouping* 

Basic facts. 

Zero in the 
quotient, 
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Comments 

Division (cont'd) Two-digit 

divisors without 1 

or with remainder. 

One-digit 

divisor; with l^-^^ — I 
retnainder . 

One-digit 

divisori no | I 

remainder* 

Basic facts. 

Frinclpleyq Commutative j | 

- - addition, 

Cotmnutative t j 

multiplication. 

Associative j [ 

addition* 

Distributive j [ 

property. 

Role of 0 in [ --[ 

addition. 

Role of 1 in j [ 

inultipllcation* 

Place value: 

a) reading and [ [ 
writing nos, 

b) recognizing [ | 
"places". ' 

c) expanded j , , .^ j 

notacionp 

d) renaming. | I 

e) powers of 10. |-~ ^| 

Associative i_ j 

multiplication* 

10 and its powers t | 
as factors. 
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Comments 



Principles, (cont'd) Multiples of powers |^ 

of 10 as factors. 

Equal factors, I" 
Fraction Concepts Part^whole. 

Subset-'aet |^ 
(equal parts) * 

Subset--set (gen,) | = 

Extension to no, |^ 
line. 



— = a V D, 



a 1 

b ^ " ^ b ^ 



^ Order. I 

Equivalence, | I 

Names of one* ! I 

Alporltnms for Rational N umbers (addition and subtraction) 

Subtractiou-ren^lng, | I 

Addition^renamlng- j-" — ~ — — "1 

Renaming, | - I 

Mixed nos, to Im- 

proper fractions j ^1 

and vice versa. 
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Addition-miKed nos. j- 

Sub tr ac t ion-miKed | _ 
nps. 

Subtract lon-^proper i 
fractions. 

Addition-proper 
fractions* 
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M^ortthms for RatlonaLliiab^ (cont'd) Cot^^s 

3ubtractlon-'givGn Lr.D|— — — — -| 
Addition-given LCD. |-^— — |* 

Al^Qrithma for Rational Nunibers (multiplication and division) 

Multiplicatlon='mlKed j j 
numbers - 

Multiplication- i _j 

proper fractions * 

Mu 1 1 ip 1 i c a 1 1 on-- 

whole no. and | I 
fraction. 

Multiplication- i j 
unit fractions. 

Reduction property* |— — [ 

Division-mixfid nos* | ^ - ■ " I 

Division-proper j [ 
fractions * 

Reciprpcals • 1 I 

Decimal Concepts Notation, I I 

Place Value. 1^^*^ 1 

Number-'line * | ~| 
Computation with Decimal Fractions 

Addition, l""^' / I 

Subtraction, | 1 
Multiplication. * 

Division-whole no# i i 
divisor. ' 

Divislon-gen. | - \ 

Change decimal to i . I 

fractloni vice 
versa p 



40 



- 37 - 



5 



Percent 
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Notation* 

% to decimal to 
fraction. 

Common equivalents * 



Coiiments 
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